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STRONGLY SEMISTABLE REDUCTION OF SYZYGY BUNDLES ON PLANE CURVES
MARVIN ANAS HAHN AND ANNETTE WERNER
Abstract. We investigate degenerations of syzygy bundles on plane curves over p-adic fields. We
useMustafin varieties which are degenerations of projective spaces to find a large family ofmodels
of plane curves over the ring of integers such that the special fiber consists of multiple projective
lines meeting in one point. On such models we investigate vector bundles whose generic fiber is a
syzygy bundle and which become trivial when restricted to each projective line in the special fiber.
Hence these syzygy bundles have strongly semistable reduction. This investigation is motivated
by the fundamental open problem in p-adic Simpson theory to determine the category of Higgs
bundles corresponding to continuous representations of the étale fundamental group of a curve.
Faltings’ p-adic Simpson correspondence and work of Deninger and the second author shows that
bundles with Higgs field zero and potentially strongly semistable reduction fall into this category.
Hence the results in the present paper determine a class of syzygy bundles on plane curves giving
rise to a p-adic local system. We apply our methods to a concrete example on the Fermat curve
suggested by Brenner and prove that this bundle has potentially strongly semistable reduction.
1. Introduction
The classical Simpson correspondence in dimension one establishes a correspondence between
semistable degree zero Higgs bundles on a Riemann surfaceX and representations of its topolog-
ical fundamental group [15, 16]. In recent years considerable progress has been made towards
a similar result in the p−adic case [6, 8, 10, 1, 13]. In [10], Faltings proved an equivalence of
categories between Higgs bundles on a p−adic curve and so-called generalized representations of
its étale fundamental group. A detailed and systematic treatment of the local theory is provided
by [1]. Recently Liu and Zhu [13] have established a Riemann-Hilbert functor on rigid analytic
varieties which yields part of a p-adic Simpson correspondence, namely a tensor functor from
the category of étale Qp-local systems to the category of nilpotent Higgs bundles.
An approach for Higgs bundles with trivial Higgs fields, whichmay be seen as p-adic analog of
the classical Narasimhan-Seshadri correspondence, was introduced by Deninger and the second
author. It is compatible with Faltings’ functor by [18]. In [6, 8] it is shown that a semistable
vector bundle on a proper, smooth p-adic curve X which has strongly semistable reduction of
degree zero after pullback to a finite covering of the curve admits p-adic parallel transport and
hence gives rise to a continuous representation of the étale fundamental group. See also [7] for a
more detailed analysis of the Tannaka groups involved. In [9] this result is generalized to bundles
with numerically flat reduction on p-adic varieties of any dimension.
In order to obtain a complete picture of a p-adic Simpson theory on curves, we have to de-
termine the category of vector bundles on a p-adic curve which is equivalent to the category of
continuous representations of the étale fundamental group. One is of course tempted to specu-
late that it is the category of semistable Higgs bundles of degree zero. By the results of Deninger
and the second author a positive answer for semistable degree zero bundles with trivial Higgs
fields can be given if we prove a potentially strongly semistable reduction theorem for all such
bundles. This involves finding suitable models of both the curve and the vector bundle and is
therefore, as might be expected, a difficult task.
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Since we know that all line bundles of degree zero lie in the category of degree zero bundles
with potentially strongly semistable reduction, and since this category is closed under extensions,
the first interesting case is provided by stable rank two bundles of degree zero. Here Holger Bren-
ner [2] has given a concrete example of a stable rank two syzygy bundle on a Fermat curve which
does not have strongly semistable reduction in the obvious way, i.e. by simply degenerating the
given equations for bundle and curve which are defined over the ring of integers.
This motivates the study of szygy bundles on plane curves over discretely valued fields as a
first step. The present paper proposes the use of Mustafin varieties to define suitable models of
plane curve. Mustafin varieties are flat degenerations of projective spaces induced by a finite
choice of invertible matrices, which have been introduced and studied in [14, 3, 12] Our first
main result theorem 3.4 shows that for sufficiently general choice of these invertible matrices,
and if the residue field is big enough, the model of a plane curve obtained taking the closure in
the Mustafin variety has star-like reduction, i.e. its special fiber consists of multiple projective
lines meeting in one point. It turns out (see lemma 3.6) that it suffices to arrange the situation in
such a way that all irreducible components of the model of the curve are contained in primary
components of the Mustafin variety.
Then we attack the problem of extending syzygy bundles on projective planes to sheaves on
Mustafin varieties. We define such an extension which mixes information from the different
primary components and investigate the locus where it is locally free. If the equations of the
syzygy bundle satisfy a certain condition the restriction of this sheaf will be locally free on the
model of the curve with strongly semistable special fiber, as we show in our second main result
theorem 4.3.
Finally, we apply this result to Brenner’s example. i.e. to the bundle Syz(x2, y2, z2) on a
Fermat curve X . We show in theorem 5.1 that there exists a (ramified) covering of X , such that
the pullback of Syz(x2, y2, z2) to this cover has a model with strongly semistable reduction.
Since we have to choose the covering and the model at the same time, we have to adapt the
arguments of theorem 4.3 to this situation. Therefore, Brenner’s example Syz(x2, y2, z2) from
[2] admits indeed étale parallel transport since there exists a finite cover of the Fermat curve
where its pullback has strongly semistable reduction of degree zero.
Our method shows that the degree of freedom provided in the choice of models for the curve
and the bundle is quite big. In particular, our results strengthen the hope that every semistable
vector bundle of degree zero on a p-adic curve with Higgs field zero participates in the p-adic
Simpson correspondence.
1.1. Structure of this paper. In section 2, we recall some background regarding Mustafin va-
rieties, syzygy bundles and semistability of vector bundles. In section 3, we construct models
of plane curves with star-like reduction and prove theorem 3.4. In section 4, we state and and
prove our second main theorem 4.3 that given a model with star-like reduction, a certain class of
syzygy bundles can be extended to vector bundles with strongly semistable reduction of degree
zero. Finally, we combine our methods in section 5 to show that Syz(x2, x2, z2) does admit p-
adic étale parallel transport by providing a finite cover of the Fermat curve where it has strongly
semistable reduction of degree zero.
Acknowledgements. The authors gratefully acknowledge support of the LOEWE research unit
Uniformized Structures in Arithmetic and Geometry. Many computations for this projects were
aided by Singular [4].
2. Preliminaries
In this section, we recall some background needed for this work. For the rest of this paper, we
fix a discretely valued field K with ring of integers denoted by R or RK , maximal ideal m and
perfect residue field k. Let t be a fixed uniformizer of R.
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2.1. Mustafin varieties. We introduce the basic notions surrounding Mustafin varieties, for
more details, we refer to [3, 12]. LetV be a vector space of dimension d overK . We defineP(V ) =
ProjSym(V ∗) as the projective space parameterising lines in V . We call freeR−modulesL ⊂ V
of rank d lattices and define P(L) = ProjSym(L∗), whereL∗ = HomR(L,R). Note that we will
mostly consider lattices up to homothety, i.e. L ∽ L′ if L = c · L′ for some c ∈ K×.
Definition 2.1. Let Γ = {L1, . . . , Ln} be a set of rank d lattice classes in V . Then P(L1), . . . ,
P(Ln) are projective spaces over R whose generic fibers are canonically isomorphic to P(V ) ≃
Pd−1K . The open immersions
P(V ) →֒ P(Li)
give rise to a map
P(V ) −→ P(L1)×R · · · ×R P(Ln).
We denote the closure of the image endowed with the reduced scheme structure byM(Γ). We
callM(Γ) the associated Mustafin variety. Its special fiberM(Γ)k is a reduced scheme over k by
[3, Theorem 2.3].
Let L = Re1 + · · · + Red be a reference lattice. By the following procedure, we choose
coordinates on P(L1)×R · · · ×R P(Ln): Let gi ∈ PGL(V ), such that giL = Li. We consider the
commutative diagram
P(V ) P(V )n
∏
R P(Li) P(L)
n.
(g−11 ,...,g
−1
n )◦∆
(g−11 ,...,g
−1
n )
Let x1, . . . , xd be the coordinates on P(L) and consider the projections
Pj : P(L)
n → P(L)
to the j−th factor. Then, we denote xij = P
∗
j xi and observe that the Mustafin varietyM(Γ) is
isomorphic to the subscheme of P(L)n cut out by
I2

g1


x11
...
xd1

 · · · gn


x1n
...
xdn



 ∩R[(xij)].
By
pj = Pj
∣∣
M(Γ)
:M(Γ) →֒ P(L)n → P(L)
we denote the projection to the j−th component. We write xij also for the induced rational
function onM(Γ). By [3, Corollary 2.5], for each i there exists a unique irreducible component
X ofM(Γ)k which maps birationally onto P(L)k via the map on the special fiber induced by pi
We callX the i−th primary component ofM(Γ)k .
2.2. Syzygy bundles. We consider syzygy sheaves on the projective space which are the kernel
of a morphism to the structure sheaf. To be precise, let f1, . . . , fn+1 be homogeneous poly-
nomials in K[x1, . . . , xN ] with degrees d1, . . . , dn+1. Then the corresponding syzygy sheaf
Syz(f1, . . . , fn+1) on P
N−1
K is defined as the kernel
0 −→ Syz(f1, . . . , fn+1) −→
n+1⊕
i=1
O(−di)
(f1,...,fn+1)
−−−−−−−→ O.
The sheaf Syz(f1, . . . , fn+1) is locally free on
⋃
D+(fi).
In this work, we will be concerned with vector bundles of degree zero on curves. Therefore,
we consider the twisted sheaves Syz(f1, . . . , fn+1)(ρ) when
∑
di = nρ.
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Remark 2.2. We note that usually a coherent sheaf F onX is called a k−th syzygy sheaf if for
each x ∈ X , there exist an open neighbourhood U of x, locally free sheaves G1, . . . ,Gk on U
and an exact sequence
0→ F
∣∣
U
→ G1 → · · · → Gk.
Thus the sheaf Syz(f1, . . . , fn+1) is a second syzygy sheaf.
2.3. Semistability of vector bundles. Recall that a vector bundle E on a smooth, projec-
tive and connected curve C over a field κ is semistable (respectively stable), if for all proper
non-zero subbundles F of E the inequality deg(F )/rank(F ) ≤ deg(E)/rank(E) (respectively
deg(F )/rank(F ) < deg(E)/rank(E)) holds.
If κ has positive characteristic, semistability has weaker properties than in characteristic zero,
since this property may be lost under pullback by inseparable morphism. This explains the fol-
lowing notion of strong semistability.
Assume that char(κ) = p > 0, and let F : C → C be the absolute Frobenius morphism,
defined by the p-power map on the structure sheaf. Then a vector bundle E on C is called
strongly semistable, if Fn∗E is semistable on C for all n ≥ 1.
Definition 2.3. Let E be a vector bundle on a one-dimensional proper scheme C over a field κ
of characteristic p. ThenE is called strongly semistable of degree zero, if the pullback ofE to all
normalized irreducible components of C is strongly semistable of degree zero.
2.4. Parallel transport for p-adic vector bundles. Consider a smooth, projective and con-
nected curve C over Qp, and denote by CCp the base change to the field Cp (which is the com-
pletion of the algebraic closure Qp). By o we denote the ring of integers of Cp. Its residue field
is isomorphic to Fp. We call every finitely presented, flat and proper Zp-scheme C with generic
fiber C a model of C .
Definition 2.4. A vector bundle E on CCp has strongly semistable reduction of degree zero, if
there exists a model C of C and a vector bundle E on Co = C ⊗Zp o such that E has generic
fiber ECp and such that the special fiber EFp of E is strongly semistable of degree zero on the
one-dimensional proper scheme C⊗Zp Fp in the sense of definition 2.3.
In [6] and [7], a theory of parallel transport along étale paths is defined for those vector bundles
E of degree zero on CCp for which there exists a finite, étale covering α : C
′ → C such that the
bundle α∗CpE on C
′
Cp
has strongly semistable reduction of degree zero. We note that if E has
strongly semistable reduction of degree zero, then E is semistable of degree zero [6, Theorem
13].
Definition 2.5. A vector bundles E of degree zero on CCp has potentially strongly semistable
reduction if there exists a finite (not necessarily étale) covering α : C ′ → C such that the bundle
α∗CpE on C
′
Cp
has strongly semistable reduction.
It is an important open question if all semistable bundles of degree zero on CCp have poten-
tially strongly semistable reduction in this sense. In fact, [8, Theorem 10] implies that all bundles
with potentially strongly semistable reduction admit p-adic parallel transport. Hence, using [18]
and [10], a positive answer to this question would imply that all semistable bundles of degree
zero on CCp with trivial Higgs field correpond to p-adic representations of the étale fundamen-
tal group under the p-adic Simpson correspondence, which would represent a big step in the
directon of a p-adic result which is analogous to the classical Simpson correspondence.
3. Mustafin degenerations of plane curves
In this section, we construct models of plane curves using Mustafin varieties. We begin by
choosing a specific Mustafin variety. As we are only concerned with plane curves, we focus on
the following situation:
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We denote by ∆ the open subvariety of the affine space A
9(n+1)
Z given by all points x =(
x
(l)
ij
)
i,j=1,2,3;l=1,...,n+1
such that det
(
x
(l)
ij
)
i,j
is invertible for all l.
Let a =
(
a
(l)
ij
)
i,j=1,2,3;l=1,...,n+1
∈ ∆(K) be some tuple of matrix coefficients, and put V =
K3. We choose the standard basis e1, e2, e3 ofK
3 and set L = Re1+Re2+Re3 as the reference
lattice. We define
Ml =


a
(l)
11 a
(l)
12 a
(l)
13
a
(l)
21 a
(l)
22 a
(l)
23
a
(l)
31 a
(l)
32 a
(l)
33


and
gl =Ml

1 0 00 t 0
0 0 t2


for l = 1, . . . , n + 1.
This gives us the lattices Li = giL and the set Γ = {L1, . . . , Ln+1}. We denote the corre-
sponding Mustafin variety in P(L)n+1 by Ma(Γ). Let C ⊂ P
2
K be an irreducible plane curve.
We embed it intoMa(Γ) ⊂ P(L)
n+1 via
C ⊂ P2K
(g−11 ,...,g
−1
n+1)
−−−−−−−−→ P(L)n+1 (1)
and consider the closure of C in Ma(Γ) endowed with the reduced scheme structure. By the
same considerations as in the proof of [3, Theorem 2.3], this yields a flat proper R−scheme Ca
with generic fiberC , whichwe also call aMustafinmodel ofC . We further denote its special fiber
by C
a
k and the irreducible components of C
a
k by C1, . . . , Cm. Note, that all Ci are of dimension 1
by [17, 32.19.2].
We write Di = C
red
i for the corresponding reduced irreducible components. Our next aim
to describe the irreducible components of the special fiber C
a
k. To begin with, we compute the
components of the special fiber of the Mustafin variety.
Definition 3.1. We say that a condition holds for general elements (a
(l)
ij )i,j=1,2,3;l=1,...,n+1 ∈
R9(n+1), if it holds for all elements in the preimage of a non-empty Zariski open subset in k9(n+1)
under the reduction map. In particular, a condition holding for general elements is generically
true in R9(n+1).
Moreover, let U ⊂ A
9(n+1)
K be a non-empty Zariski open subset, then, possibly after replacing
K by a finite field extension, U(K) ∩ R9(n+1) contains the preimage of a non-empty Zariski
open subset in k9(n+1), i.e. it contains a general subset.
In the following, we compute the special fiber of the Mustafin variety considered above.
Lemma 3.2. Assume that the residue field k is algebraically closed and n ≥ 2. For general a ∈
∆(R) the l−th primary component ofMa(Γ) is cut out by the ideal
〈(x1j , x2j)j=1,...,n+1;j 6=l〉 (2)
Moreover, the secondary components are cut out by the ideal
〈x1l, x1i, (x1j , x2j)j=1,...,n+1;j 6=i,l〉 (3)
for i, l = 1, . . . , n+ 1, i 6= l.
Proof. Generalizing the observation [3, Example 2.2], we find that for general a, the special fiber
ofMa({Ll, Lm, Lo}) is cut out by
〈x1m, x2m, x1o, x2o〉 ∩ 〈x1l, x2l, x1o, x2o〉 ∩ 〈x1l, x2l, x1mx2m〉
〈x1l, x1m, x1o, x2o〉 ∩ 〈x1l, x2l, x1m, x1o〉 ∩ 〈x1l, x1o, x1m, x2m〉.
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We now consider the projection
pmno :Ma(Γ)→Ma({Lm, Ln, Lo})
on them−th, n−th and o−th factor and note that the following diagram commutes
P2K Ma(Γ)
P2K Ma(Lm, Ln, Lo}) P(L)
(g−11 ,...,g
−1
n+1)
id
pmpmno
(g−1m ,g
−1
n ,g
−1
o ) pm
.
Moreover by [3, Lemma 2.4], the m−th primary component of Ma(Γ)k projects onto the
m−th primary component ofMa({Lm, Ln, Lo})k . Thus, the ideal of the l−th primary compo-
nent ofMa(Γ)k contains the ideal
〈x1m, x2m, x1o, x2o〉
for all m, o = 1, . . . , n + 1 and m 6= l and o 6= l, i.e. it contains the ideal in equation (2).
We observe that this ideal already cuts out a topological space isomorphic to P2k. An analogous
argument shows that the ideals in equation (3) correspond to secondary components ofMa(Γ)k .
In order to see that these are all the components, we observe that we have produced n + 1 +(
n+1
2
)
=
(
n+2
2
)
irreducible components, which by [3, Theorem 2.3] is the maximal number. 
Definition 3.3. We fix matrix coefficients a ∈ ∆(K). Let C ⊂ P2K be an irreducible plane
curve. We denote by Ca the Mustafin model of C obtained via equation (1). We say Ca has
star-like reduction over R if
• the special fiber C
a
k decomposes into n+ 1 irreducible components C1, . . . , Cn+1;
• the component Ci is contained in the i−th primary component ofMa(Γ)k , and the re-
duced componentDi = C
red
i is isomorphic to the subscheme of P(L)
n+1
k cut out by
〈x1i, (x1j , x2j)j=1,...,n+1;j 6=i〉, (4)
which yieldsDi ∼= P
1
k .
Theorem 3.4. Assume that the residue field k of the discretely valued ground field K is alge-
braically closed and let n ≥ 2. Let C ⊂ P2K be an irreducible plane curve over K . For general
coefficients a in ∆(RK) ∩R
9(n+1)
K the model C
a has star-like reduction over RK .
For generalK an analogous results only holds after a passing to a finite extension.
Corollary 3.5. Let K be any discretely valued field with perfect residue field k, n ≥ 2, and let
C ⊂ P2K be an irreducible plane curve over K . After base change with a finite extension L of K
the following holds: For general coefficients a in ∆(RL) ∩ R
9(n+1)
L the model C
a of CL ⊂ P2L has
star-like reduction over RL.
Proof. After base changing C with a discretely valued extension K# of K with residue field k
we can apply theorem 3.4 and find a Zariski open subset U of k
9(n+1)
such that all preimages
a in ∆(RK#) ∩ R
9(n+1)
K#
lead to models Ca with star-like reduction over RK# . If L ⊂ K
# is a
finite extension of K with residue field ℓ satisfying U(ℓ) 6= ∅, every choice of coefficients a in
∆(RL) ∩ R
9(n+1)
L reducing to a point in U(ℓ) has the property that C
a has star-like reduction
over RL. 
The next lemma gives a criterion for a model to have star-like reduction.
Lemma 3.6. We assume that the residue field ofK is algebraically closed and n ≥ 2. Suppose that
for a general choice of a in∆(RK)∩R
9(n+1)
K , all irreducible components of the special fiber C
a
k are
contained in primary components ofMa(Γ)k . Then for a general choice of coefficients a the model
Ca has star-like reduction over RK .
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Proof. Let f ∈ K[x1, x2, x3] be an irreducible homogeneous polynomial of degree d such that
C = V (f). Without loss of generality, we may assume that f is saturated with respect to t.
Further, we consider the embedding of C into P(L) via g−1i . The closure yields a flat proper
model of C over Ok , which we denote by (C
a)(i). We see immediately that for general a the
subscheme (Ca)(i) of P(L) is cut out by
F = f(a
(i)
11x1 + a
(i)
12 tx2 + a
(i)
13 t
2x3, a
(i)
21x1 + a
(i)
22 tx2 + a
(i)
23 t
2x3, a
(i)
31x1 + a
(i)
32 tx2 + a
(i)
33 t
2x3).
Moreover, we compute the reduction of F modulo the valuation idealm, which we denote by F˜ .
Then the special fiber (Ca)(i) is cut out by 〈F˜ 〉 in P2k = P(L)k . We observe that
F˜ = h(a
(i)
11 , a
(i)
21 , a
(i)
31 )x
d
1,
where h(a
(i)
11 , a
(i)
21 , a
(i)
31 ) is a non-zero polynomial expression in a
(i)
11 , a
(i)
21 , a
(i)
31 for generic choices
of these coefficients. Therefore, we obtain
(Ca)
(i)
k = Proj
(
k[x1, x2, x3]upslope〈xd1〉
)
, (5)
which yields a degree d subscheme of P2k whose underlying topological space is isomorphic to
P1k.
We now relate this to Ca. For this purpose, recall that the Chowring of
(
P2K
)n+1
is given by
A = Z[H1, . . . ,Hn+1]upslope〈H31 , . . . ,H
3
n+1〉
,
where Hi is the hyperplane class in the i−th factor. The Chow class of C
a
K is given as d times
the sum over all monomials of degree 2(n+1)− 1 inA: The Chow class of C ⊂ P2K is given by
d ·H , where H is the hyperplane class. Under the diagonal embedding the hyperplane class H
pushes forward to ∑
0≤ni≤2∑
ni=2(n+1)−1
∏
Hnii .
Each monomial in A is given by
∏
Hnii , where 0 ≤ ni ≤ 2. There are exactly n + 1 such
monomials of degree 2(n + 1) − 1, which are given by those
∏
Hnii , such that there exists a
j ∈ {1, . . . , n + 1} with ni = 2 for i 6= j and nj = 1. The Chow classes of C
a
K and C
a
k coincide
(see the discussion previous to Corollary 20.3 in [11]). Moreover, the Chow class ofMa(Γ)k is
given by the sum over all monomials of degree 2n. Then, there are two cases for the monomials∏
Hnii , where 0 ≤ ni ≤ 2, appearing in the Chow class ofMa(Γ)k:
• There exists j, such that ni = 2 for i 6= j and nj = 0. Such a monomial corresponds to
the j−th primary component, which we denote by Yj .
• There exists j, l, such that nν = 2 for ν 6= j, l and nj = nl = 1. This monomial
corresponds to the secondary component which projects to P1k via pj and pl, which we
denote by Yjl.
We consider a reduced irreducible component D of C
a
k , which is contained in the i−th primary
component of Ma(Γ)k . Then analogous to the proof of lemma 3.2, it projects onto the single
irreducible component of (Ca)(i). By equation (5), the reduced irreducible component D is cut
out by an ideal containing x1i for general coefficients. Further, the ideal of D contains the ideal
defining the i−th primary component ofMa(Γ)k . Moreover, as proved in lemma 3.2, for gen-
eral coefficients the i−th primary component is cut out by equation (2). This already yields an
irreducible component with reduced structure isomorphic to P1k and it is the only irreducible
component, which lies in the i−th primary component ofMa(Γ)k . Note, that this is the ideal
given in equation (4).
By assumption all components of C
a
k lie in primary components. As we have already seen that
for general coefficients there lies at most one component of C
a
k in each primary component, this
8 M. A. HAHN AND A. WERNER
assumption yields that there are at most n+1 irreducible components of C
a
k . What is left to prove
is that there are exactlyn+1 irreducible components, i.e. there is one in each primary component
of Ma(Γ)k . To see this, we observe that if there is an irreducible component of C
a
k contained
in the i−th primary component, it contributes the Chow class Mi = αi
∏
H
nj
j , where nj = 2
for j 6= i and ni = 1, and where αi is the multiplicity of the component. As each monomial is
only contributed by a single component, we observe that αi = d. Thus, there are exactly n + 1
components with multiplicity d. 
We need the following geometric lemma for the proof of our next result.
Lemma 3.7. LetS be a noetherian irreducible and reduced scheme with generic point η and consider
an S-scheme X of finite type. Let Y be an irreducible closed subset of X with non-empty generic
fiber Yη , and let Z be any closed subset ofX .
i) If the generic fiber Yη is not contained in Z , then there exists a dense open subset U of S such
that for all s ∈ U the fiber Ys is not contained in Z .
ii) If the generic fiber Yη is contained in Z , then there exists a dense open subset U of S such that
for all s ∈ U the fiber Ys is non-empty and contained in Z .
Proof. i) The subset Y \Z is open and non-empty in Y , whichwe endowwith the reduced scheme
structure. By generic flatness [17, 28.26.1], there exists an open dense subset V of S, such that
YV is flat over V and hence open. Therefore the image U of the open subset (Y \Z)∩YV is open
in V ⊂ S. It is non-empty, since it contains the generic point, and therefore dense. For all s ∈ U
we find that Ys is not contained in Z .
ii) A similar argument as in i) using generic flatness implies that there exists an open subset
U of S with Ys non-empty for all s ∈ U . Then the claim follows since the closure of Yη is Y . 
Our next goal is to show that for sufficiently general choices of a
(l)
ij , the irreducible components
of C
a
k are in fact all contained in primary components. In order to show this, we work in the
following algebraic set-up.
We consider the ring R = R
[
(A
(l)
ij )i,j=1,...,3;l=1,...,n+1
]
and the field K = Quot(R). Fur-
ther, we consider a K−vector space of dimension 3, which we denote by V with standard basis
e1, e2, e3. We denote by P(V) the projective space, and by L = Re1 +Re2 +Re3 the standard
lattice. Let P(L) = ProjSym(HomR(L,R)). We further consider the matrices
gi =


A
(i)
11 A
(i)
12 A
(i)
13
A
(i)
21 A
(i)
22 A
(i)
23
A
(i)
31 A
(i)
32 A
(i)
33

 ·

1 0 00 t 0
0 0 t2


and the morphism ofR-schemes
P(V)
(g−11 ×···×g
−1
n+1)◦∆
−−−−−−−−−−−→ P(L)n+1 (6)
and denote the closure of this map endowed with the reduced scheme structure byN (Γ′), where
we put Γ′ = {g1L, . . . , gn+1L}. Let y1, y2, y3 the standard coordinates of P(L) and consider the
projection
pi : P(L)
n+1 → P(L)
to the i−th factor. We then denote yij = p
∗
jyi. Similar to our discussion in subsection 2.1, we
observe thatN (Γ′) is the subscheme of P(L)n+1 cut out by
I2

g1

y11y21
y31

 · · · gn

y1n+1y2n+1
y3n+1



 ∩R[(yij)].
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We consider an irreducible homogeneous polynomial in f ′ ∈ K[y1, y2, y3]. This defines a closed
subscheme C ⊂ P(V) over K. We obtain a scheme C over Spec(R) with generic fiber C by em-
bedding C via equation (6) intoN (Γ′) and taking the closure endowed with the reduced induced
structure.
We now consider the ringR′ = Rupslope(t) = k[(A
(l)
ij )i,j=1,2,3;l=1,...,n+1]. We denote the pullbacks
to Spec(R′) by N ′(Γ′) = N (Γ′)Spec(R′) and C
′ = CSpec(R′). We note that N (Γ
′) and C are of
finite type over the noetherian ringR and thereforeN ′(Γ′) and C ′ are of finite type over R′.
For every choice of coefficients a in ∆(R) ∩ R9(n+1) we have a natural homomorphism λa :
R→ RmappingA
(l)
ij to a
(l)
ij . The corresponding base change ofN (Γ
′)withR is by construction
isomorphic toMa(Γ), where Γ = λa(Γ
′) is the set of lattices we get by inserting the coefficients
a
(l)
ij for A
(l)
ij . Its special fiberMa(Γ)k is therefore isomorphic to the base change ofN
′(Γ′) with
respect to the homomorphism λa : R
′ → k sending A
(l)
ij to the elements a
(l)
ij in the residue field.
Similarly, the base change of C along λa yields a scheme λ
∗
aC . We consider the map Λa
obtained by composing λa with R →֒ K . Assume that Λ
∗
aC ⊂ P
2
K is a reduced and irreducible
curve for general a.
There exists a non-empty open V such that CV is flat over V [17, 28.26.1]. If the residue field
k is big enough, so that V (k) 6= ∅, we find thatDa := λ∗aC is the Mustafin model of its generic
fiberD
a
K = Λ
∗
aC for general a.
Before stating the next lemma, we introduce some more notation. Let σ be a permutation
acting on {1, . . . , n+ 1}, then we define the ring isomorphism
τσ : K[y1, y2, y3]→ K[y1, y2, y3]
by A
(l)
ij 7→ A
(σ(l))
ij and the homomorphism
πσ : R[(yµν)µ=1,2,3;ν=1,...,n+1]→R[(yµν)µ=1,2,3;ν=1,...,n+1]
by (A
(l)
ij , yil) 7→ (A
(σ(l))
ij , yiσ(l)).
Lemma 3.8. Assume that the residue field k is algebraically closed. Let C ⊂ P(V) be a curve
defined by an irreducible homogeneous polynomial f ′ ∈ K[y1, y2, y3] and n ≥ 2. Furthermore, let
C be the closure of the image of C under the image of the map in equation (6) endowed with the
reduced structure. Assume that DaK = Λ
∗
aC is a reduced and irreducible curve for general a. Then,
we have
(1) If τσ(I(C)) = I(C), then πσ(I(C )) = I(C ).
(2) If πσ(I(C )) = I(C ), there exists an open subset W ⊂ Spec(R′), such that for each point
y ∈ W (k) ⊂ k9(n+1)and each lift a ∈ ∆(R) ∪ R9(n+1) of y all irreducible components
of C ′y are contained in primary components of the special fiber N
′(Γ′)y ∼= Ma(Γ)k of the
corresponding Mustafin variety.
Proof. The first part of the lemma is straightforward. For the second part, let η be the generic
point of Spec(R′). We study the irreducible components of the generic fibers N ′(Γ′)η and C
′
η .
(1) By the same computations as in the proof of lemma 3.2, we obtain thatN ′(Γ′)η is contained
in
Y1 ∪ · · · ∪ Yn+1 ∪
⋃
i 6=l
Yil,
where the scheme Yi is cut out by
〈(y1j , y2j)j=1,...,n+1;j 6=i〉
and the scheme Yil is cut out by
〈y1l, y1i, (y1j, y2j)j=1,...,n+1;j 6=i,l〉
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for i, l = 1, . . . , n+ 1 and i 6= l. We claim that
N ′(Γ′)η = Y1 ∪ · · · ∪ Yn+1 ∪
⋃
i 6=l
Yil
is a decomposition into irreducible components.
In fact, assume that there exists an irreducible componentX ofN ′(Γ′)η which is not contained
in the union on the right hand side. Then by lemma 3.7 there exists a non-empty open setW ⊂
Spec(R′), such that for all y ∈W we have
N ′(Γ′)y (
(
Y1
)
y
∪ · · · ∪
(
Yn+1
)
y
∪
⋃
i 6=l
(
Yil
)
y
,
which contradicts lemma 3.2, since for all points y ∈ ∆(k) ∩ W (k) the scheme N ′(Γ′)y is
the special fiber of a Mustafin variety. Moreover, we see immediately that for all points y ∈
∆(k)∩W (k), the subset
(
Y i
)
y
is the i−th primary component of the respectiveMustafin variety
and
(
Y ij
)
y
is a secondary component mapping onto P1 via the projections to the i−th and j−th
factor.
(2) Let Z be an irreducible component of C ′η, hence Z ⊂ N
′(Γ′)η . We claim that there exists
an index i, such that Z ⊂ Yi. We first treat the case n > 2d. Assume there exists no such i, then
there exist i 6= l, such that Z ⊂ Yil and Z 6⊂ Yi,Yl.
Let I1 = I(N (Γ
′)) and I2 = I(C ) be the multihomogeneous ideals inR[(yµν) µ=1,2,3;
ν=1,...,n+1
]. Let
σ be a permutation on {1, . . . , n+ 1} and recall the ring isomorphism
πσ : R[(yµν)µ=1,2,3;ν=1,...,n+1]→R[(yµν)µ=1,2,3;ν=1,...,n+1]
induced by (A
(l)
ij , yil) 7→ (A
(σ(l))
ij , yiσ(l)). By construction, we have πσ(I1) = I1 and by assump-
tion, we have πσ(I2) = I2. Moreover, let J1 = I(N
′(Γ′)η) and J2 = I(C
′
η) be the correspond-
ing multihomogeneous ideals in Q = Quot(R′)[(yµν)µ=1,2,3;ν=1,...,n+1]. The isomorphism πσ
induces an isomorphism
π′σ : Q → Q
with π′σ(J1) = J1 and π
′
σ(J2) = J2. The induced isomorphism of schemes Π
′
σ : N
′(Γ′)η →
N ′(Γ′)η yields Π
′
σ(Yi) = Yσ(i) and Π
′
σ(Yij) = Yσ(i)σ(j). Moreover as π
′
σ(J2) = J2, we also
have an isomorphism of schemes Π′σ
∣∣
C ′η
: C ′η → C
′
η. Let Z ⊂ Yij and Z 6⊂ Yi,Yj . For any
permutation σ, we obtain that Π′σ
∣∣
C ′η
(Z) ⊂ Yσ(i)σ(j) and Π
′
σ
∣∣
C ′η
(Z) 6⊂ Yσ(i),Yσ(j). We first
prove the following claim.
If σ does not stabilize {i, j}, then it follows that Π′σ
∣∣
C ′η
(Z) 6= Z .
In fact, ifΠ′σ
∣∣
Cη
(Z) = Z , we findZ ⊂ Yij∩Yσ(i)σ(j). However, by considering the respective
ideals, we have
• Yij ∩ Yσ(i)σ(j) ⊂ Yi, if i = σ(i) or i = σ(j)
• Yij ∩ Yσ(i)σ(j) ⊂ Yj , if j = σ(j) or j = σ(i)
Hence we may assume that {i, j} is disjoint from {σ(i), σ(j)}. But in this case the intersection
Yij ∩ Yσ(i)σ(j) is a point, that is contained in all primary components, which violates again the
condition that Z is not contained in any Yi. This proves our claim.
After passing to a smaller subsetW if necessary, we find by lemma 3.7 that for all y ∈ ∆(k)∩
W (k) the closed subsets
((
Zµν
)
y
)
µ,ν
of C ′y are pairwise different.
As already observed before stating the lemma, after possible shrinking W , we may assume
that for all y ∈ ∆(k) ∩W (k), there exists a lift a of y, such thatDa is the Mustafin model of its
generic fiber with special fiberD
a
k
∼= C ′y .
Now we want to see that after possible shrinkingW again, we have that
((
Zµν
)
y
)
µ,ν
contain
pairwise different irreducible components of C ′y for y ∈W . In order to see this, we first consider
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the following decomposition into irreducible components
C
′
η =
⋃
µ,ν
Zµν ∪
⋃
γ
Θγ .
We observe
Zij 6⊂
⋃
µ,ν
{µ,ν}6={i,j}
Zµν ∪
⋃
γ
Θγ
and thus after possibly shrinkingW , we have by lemma 3.7 that
(
Zij
)
y
6⊂
⋃
µ,ν
{µ,ν}6={i,j}
(
Zµν
)
y
∪
⋃
γ
(
Θγ
)
y
and by [17, 36.22.5] that
C
′
y =
⋃
µ,ν
(
Zµν
)
y
∪
⋃
γ
(
Θγ
)
y
for all y ∈ ∆(k) ∩W (k). Therefore,
(
Zij
)
y
contains an irreducible component of C ′y , which is
not contained in ⋃
µ,ν
{µ,ν}6={i,j}
(
Zµν
)
y
∪
⋃
γ
(
Ωγ
)
y
for all y ∈ ∆(k) ∩W (k). By symmetry, after possibly shrinkingW again, we have that((
Zµν
)
y
)
µ,ν
contain pairwise different irreducible components of C ′y for y ∈ ∆(k) ∩ W (k). For each(
Zij
)
y
we pick such a component, which we denote by Z
y
ij . Finally, all irreducible components
of C ′y are 1−dimensional and therefore dim
(
Z
y
ij
)
= 1 for all y ∈ ∆(k) ∩W (k).
The above considerations show that for general a, the special fiber ofDa contains at least n(n+1)2
irreducible components. We now prove that this yields a contradiction, which finishes this step
of the proof. Recall that we assume n > 2d.
• First, for y ∈ ∆(k) ∩W (k), we consider the map
ω : {(i, j) ∈ {1, . . . , n+ 1}2 | i < j, i 6= j} → {1, . . . , n + 1}
given by
ω((i, j)) =


i, if pi
(
Z
y
ij
)
∼= P1
j, if pi
(
Z
y
ij
)
∼= pt
Then, we have⋃
ω−1(i) = {(i, j) ∈ {1, . . . , n+ 1}2 | i < j, i 6= j}
and thus
∑
i
∣∣ω−1(i)∣∣ ≥ ∣∣{(i, j) ∈ {1, . . . , n+ 1}2 | i < j, i 6= j}∣∣ =
(
n+ 1
2
)
=
n(n+ 1)
2
.
By assumption we have n(n + 1) > 2d2, hence there exists i ∈ {1, . . . , n + 1} with∣∣ω−1(i)∣∣ > d as otherwise n(n+1)2 ≤ ∑∣∣ω−1(i)∣∣ ≤ (n + 1) · d < n(n+1)2 , which is a
contradiction.
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• We first observe that for all y ∈ ∆(k) ∩W (k), we have Z yij ⊂
(
Yij
)
y
, dimZ yij = 1 with(
Yij
)
y
being the secondary component of the respective Mustafin variety projecting to
P1 via pi and pj and to a point via pl (l 6= i, j). Thus, we have pi
(
Z
y
ij
)
∼= P1 or
pj
(
Z
y
ij
)
∼= P1.
Secondly, we observe that the Chow class of
(
Z
y
ij
)
is given by
αijHi
∏
l 6=i
H2l + β
ijHj
∏
l 6=j
H2l
with αij , βij ∈ Z≥0, since it is a component of a curve inside a secondary component
projecting to P1k via the projections pi and pj . Moreover, we note that if ω((i, j)) = i
(resp. ω((j, i)) = j), then we have αij 6= 0. Now, we choose i, such that
∣∣ω−1(i)∣∣ > d
and denote by Ωi the set of all j, such that j 6= i and either (i, j) ∈ ω
−1(i) or (j, i) ∈
ω−1(i). Therefore, there are at least d + 1 irreducible distinct subsets
(
Z
y
ij
)
, such that
pi
(
Z
y
ij
)
∼= P1. Then we see that the Chow class of
⋃
i<j
pi(Z yij)∼=P
1
(
Z
y
ij
)
⊂ C
a
k (for a a lift of y)
contains ∑
j∈Ωi
αijHi
∏
l 6=i
H2l .
However, we see that ∑
j∈Ωi
αij ≥ |Ωi| ≥ d+ 1
as each αij in the sum is a positive. This is a contradiction to the fact that the Chow class
of C
a
k is d times the sum over all monomials of degree 2(n + 1) − 1.
Thus, we have obtained a contradition to our assumption and conclude that there exists some
i ∈ {1, . . . , n+ 1}, such that Z ⊂ Yi.
Thus, it follows from lemma 3.7 that there exists an open subset W ⊂ Spec(R′), such that
for each y ∈ W (k) all irreducible components of C ′y are contained in primary components of
N ′(Γ′)y .
(3) We have proved the result for n > 2d in (2). In order to deduce the result for n ≤ 2d,
we consider m with m > 2d. For an m + 1−tuple a ∈ ∆(R) of coefficients, we denote by a0
its projection onto the first n + 1 entries. Let g1, . . . , gm+1 be matrices given by a, such that
g1, . . . , gn+1 are given by a0. Thus, we obtain Mustafin varieties Ma0({L1, . . . , Ln+1}) and
Ma({L1, . . . , Lm+1}). By embedding C into the respective Mustafin varieties and taking the
closure, we obtain flat models Ca0 ⊂ Ma0({L1, . . . , Ln+1}) and C
a ⊂ Ma({L1, . . . , Lm+1})
such that the projection on the first n+1 factors of P(L)m+1 maps C
a
k ⊂Ma({L1, . . . , Lm+1})k
onto C
a0
k ⊂Ma0({L1, . . . , Ln+1})k .
We now consider a general choice of a and therefore of a0. More precisely, for m we fix the
open dense subsetW obtained in (2), such that for each y ∈W (k) all irreducible components of
C ′y are contained in primary components of N
′(Γ′)y . For y ∈ W (k), we denote the projection
to the coordinates A
(l)
ij with l ≤ n + 1 by y0. Choose a lift a of y with projection a0 to the
coordinates a
(l)
ij for l ≤ n + 1, i.e. a0 is a lift of y0. Then each component of C
a
k (
∼= C ′y) is
contained in a primary component. The projection onto the first n+1 factors either maps such a
component to a point or to an irreducible component, which will also be contained in a primary
component ofMa0({L1, . . . , Ln+1})k . Thus, the lemma follows. 
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We are finally ready to proof theorem 3.4.
Proof of theorem 3.4. We consider the irreducible homogeneous polynomial f defining C ⊂ P2K .
As irreducibility of polynomials is preserved under purely transcendental field extension, it in-
duces a homogeneous irreducible polynomial in K[y1, y2, y3]. This defines a subscheme C ⊂
P(V) and we obtain a scheme C over Spec(R) with generic fiber C by embedding C intoN (Γ′)
and taking the closure. Then, we have Λ∗aC
∼= C for all a ∈ ∆(R), and thus the condition
in lemma 3.8 is satisfied. By construction, we have τσ(I(C)) = I(C). Then, it follows from
lemma 3.8 that for a general choice of a all components of C
a
k lie in the primary components of
Ma(Γ)k . Hence the theorem follows from lemma 3.6. 
4. Models of syzygy bundles
After studying degenerations of plane curves in the preceeding section, we will now study
degenerations of syzygy bundles on curves.
Recall thatK is a discretely valued field with ring of integers R and perfect residue field k.
We fix two positive integers n ≥ 2 and ρ and non-negative numbers d1, . . . , dn+1 ≤ ρ with∑n+1
j=1 dj = nρ. Let F1, . . . , Fn+1 be polynomials with
Fi ∈ Symj 6=iR[x1j , x2j , x3j ]
(ρ−dj),
where R[x1j , x2j , x3j ]
(ρ−dj ) denotes the R-submodule of the polynomial ring consisting of all
homogenous polynomials of degree ρ − dj . Hence Fi is a linear combinattion of products of n
homogenous polynomials, each in a different set of variables.
We define a coherent sheaf E ′ onMa(Γ) by the exact sequence
0→ E ′ →
n+1⊕
j=1
p∗jOP(L)(ρ− dj)
(F1,...,Fn+1)
−−−−−−−−→
n+1⊗
j=1
p∗jOP(L)(ρ− dj), (7)
which is well-defined since
Fi ∈
⊗
j 6=i
Γ(Ma(Γ), p
∗
jOP(L)(ρ− dj)).
Then E ′ is a coherent sheaf on Ma(Γ). For any choice of coefficients
(
c
(l)
ij
)
i,j=1,2,3;
l=1,...,n+1
∈
R9(n+1) ∩∆(R) we consider the linear forms
zil = c
(l)
i1 x1l + c
(l)
i2 x2l + c
(l)
i3 x3l.
Then zil = p
∗
l (z
(l)
i ) for z
(l)
i = c
(l)
i1 x1 + c
(l)
i2 x2 + c
(l)
i3 x3. Let D(zil) = p
−1
l (D+(z
(l)
i )) and define
the open subset
U ′c =
⋂
i,j
D(zij)
ofMa(Γ). Then there exist βij ∈ O
×(U ′c), such that βijz1j = zij on U
′
c. Thus, we have
p∗jO(ρ− dj)
∣∣
U ′c
= z
ρ−dj
1j O
∣∣
U ′c
.
Then we can express Fi on U
′
c as
Fi = Hi
n+1∏
j=1
j 6=i
z
ρ−dj
1j ,
where Hi = Hi((βlj)lj) ∈ O(U
′
c) is a polynomial in the (βlj)lj . Note that all Hi 6≡ 0 because
Fi 6≡ 0. Hence
U ′′c,i = {z ∈ Ma(Γ) | (Hi)z ∈ O
×
Ma(Γ),z
}
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is a non-empty open subset ofMa(Γ). We put
Uc,i = U
′
c ∩ U
′′
c,i.
We will now show that E ′ is trivial on the non-empty open set Uc,i ⊂Ma(Γ).
Lemma 4.1. For c and Uc,i defined as above, we have the following:
(1) The map ϕ :
⊕n+1
j=1 p
∗
jO(ρ− dj)
∣∣∣
Uc,i
(F1,...,Fn+1)
−−−−−−−−→
⊗n+1
j=1 p
∗
jO(ρ− dj)
∣∣∣
Uc,i
is surjective.
(2) The sheaf E ′ is trivial on Uc,i, i.e. we have E ′
∣∣
Uc,i
∼= On
∣∣
Uc,i
.
Proof. Since onUc,i themorphismFi : p∗iO(ρ− di)
∣∣
Uc,i
→
⊗n+1
j=1 p
∗
jO(ρ− dj)
∣∣∣
Uc,i
is surjective,
we find thatϕ is surjective. Note that we have p∗jO(ρ− dj)
∣∣∣
Uc,i
≃ z
ρ−dj
1j O
∣∣
Uc,i
, hence the second
claim follows easily. 
For a fixed choice
a =
(
a
(l)
ij
)
i,j=1,2,3;l=1,...,n+1
∈ ∆(K) ∩R9(n+1)
and a plane curve C ⊂ P2K , let C
a be the associated Mustafin model of C as defined by equa-
tion (1).
Now, we fix di as above and consider the R-linear ring homomorphism
Υ
a
i : Symj 6=iR[x1j , x2j , x3j ]
(ρ−dj) → K[x1, x2, x3]
(di) (8)
induced by

x1jx2j
x3j

 7→ g−1j

x1x2
x3

 .
Note that equation (8) is well-defined due to the fact that
∑n+1
j=1 dj = nρ, which yields di =∑
j 6=i(ρ− dj).
We denote by Σi the subset of Symj 6=iR[x1j, x2j , x3j ]
(ρ−dj) of polynomials F , such that the
saturation F ′ reduces to a polynomial F
′
modulo m which satisfies
F
′
6∈ 〈(x1j , x2j)j=1,...,n+1〉.
Definition 4.2. Let f1, . . . , fn+1 be polynomials with fi ∈ K[x1, x2, x3]
(di) with degrees di as
above. Then we say that the tuple (f1, . . . , fn+1) is (d, a)−admissible if fi ∈ Υ
a
i (Σi).
We are now ready to state our second main theorem.
Theorem 4.3. We fix natural numbers n ≥ 2 and ρ and non-negative integers d1, . . . , dn+1 ≤ ρ,
such that
∑
di = nρ. Furthermore, let f1, . . . , fn+1 be polynomials with fi ∈ K[x1, x2, x3](di).
LetC ⊂
⋃n+1
i=1 D+(fi) ⊂ P
2
K be a smooth plane curve, and let a ∈ ∆(R)∩R
9(n+1) be a choice of
coefficients, such that Ca has star-like reduction and such that (f1, . . . , fn+1) is (d, a)−admissible.
Then there exists a vector bundle E on Ca with generic fiber E = Syz(f1, . . . , fn+1)(ρ)
∣∣
C
whose
special fiber is trivial on all reduced irreducible components of Cak.
Remark 4.4. As explained in section 2, this implies that the bundleE = Syz(f1, . . . , fn+1)(ρ)
∣∣
C
is semistable of degree 0 on C .
Proof. By assumption, we find Fi ∈ Σi, such that Υ
a
i (Fi) = fi. As
Syz(f1, . . . , fn+1) ∼= Syz(α1f1, . . . , αn+1fn+1)
for αi ∈ K
× and Υ
a
i (tFi) = tfi, we may assume that Fi is saturated with respect to t.
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We observe (g−11 , . . . , g
−1
n+1)
∗Fi = fi and recall that we chose C ⊂
⋃
D+(fi). Furthermore,
for each j ∈ {1, . . . , n+ 1} we consider the following commutative diagram
P2K
∏n+1
i=1 P(L)
Ma(Γ)
P2K P(L)
g−1j
(g−11 ,...,g
−1
n+1)
pj
pj
emb.
gen. fiber
This implies that the generic fiber of the coherent sheaf E ′ onMa(Γ) defined in equation (7)
by
0→ E ′ →
n+1⊕
j=1
p∗jOP(L)(ρ− dj)
(F1,...,Fn+1)
−−−−−−−−→
n+1⊗
j=1
p∗jOP(L)(ρ− dj),
is isomorphic to Syz(f1, . . . , fn+1)(ρ) and in particular locally free on
⋃n+1
i=1 D+(fi).
We define the coherent sheaf E on Ca as the pullback of E ′ via the embedding Ca →֒ Ma(Γ).
Then E has generic fiber E = Syz(f1, . . . , fn+1)(ρ)
∣∣
C
, in particular, it is locally free on the
generic fiber C of Ca. Let us now consider points in the special fiber of (Ca)k which is the union
of (n+1) irreducible componentsCi. Recall that by star-like reductionwe haveDi = C
red
i ≃ P
1
k.
As usual, we identifyDi with its image inMa(Γ). Then Di is given by the ideal
〈t, x1i, (x1l, x2l)l 6=i〉.
As x1i, (x1l, x2l)l 6=i vanish on Di, we have x3l 6= 0 for l 6= i. Therefore
zjl = c
(l)
j1x1l + c
(l)
j2x2l + c
(l)
j3x3l
is equal to cj3
(l)x3l onDi, which is non-zero for l 6= i and general choices of c
(l)
j3 in R. Thus, we
obtain Di ⊂
⋂
l 6=iD(zjl). Moreover, for any point (x1i : x2i : x3i) ∈ Di, we have (x1i : x2i :
x3i) = (0 : η
i
1 : η
i
2) with η
i
1 6= 0 or η
i
2 6= 0. Therefore
zji = c
(i)
j1 x1i + c
(i)
j2 x2i + c
(i)
j3 x3i
satisfies zji(0, η
i
1, η
i
2) = cj2
(i)ηi1 + cj3
(i)ηi2 6= 0 for general choices of c
(i)
j2 , c
(i)
j3 in R.
Hence every point inDi lies in an open neighbourhood of the form U
′
c for a suitable (general)
choice of c.
Recall that we have
Fi ∈ R
[
(xjl)j=1,2,3;
l 6=i
]
and F i /∈ 〈(x1l, x2l)l 6=i〉.
As x1l = x2l = 0 for l 6= i on Di, we have Fi|Di = α
∏
l 6=i x
ρ−dl
3l with α 6= 0. As x3l 6= 0 on Di,
we therefore obtain that Fi|Di is a non-zero constant and thus
Di ⊂ {z ∈ Ma(Γ) | (Fi)z ∈ O
×
M(Γ),z} ⊂ {z ∈ Ma(Γ) | (Hi)z ∈ O
×
M(Γ),z} = U
′′
c,i.
This proves, that for every point in the special fiber C
a
k there exists a neighbourhood of the form
Uc,i = U
′
c ∩ U
′′
c,i in Ma(Γ). Hence by lemma 4.1 we find that C
a is contained in the locus of
points inMa(Γ) where the morphism ϕ is a surjective morphism of vector bundles with locally
free kernel E ′. Hence the pullback E of E ′ to Ca is a vector bundle with generic fiber E sitting
inside the short exact sequence
0→ E →
n+1⊕
j=1
p∗jOP(L)(ρ− dj)
∣∣
Ca
(F1,...,Fn+1)|Ca−−−−−−−−−−→
n+1⊗
j=1
p∗jOP(L)(ρ− dj)
∣∣
Ca
→ 0
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of vector bundles on Ca.
Let us now study the restriction of E to the reduced componentDi in the special fiber. Let
pj
∣∣
Di
: Di → P
2
k
be the projection map to the j−th component restricted to Di and observe that pj
∣∣
Di
: Di
∼
−→
P1k ⊂ P
2
k by the assumption that C
a has star-like reduction. Moreover, we have pj
∣∣
Di
(Di) ∼= pt
for i 6= j. Thus, form ∈ Z we have
pi
∣∣
Di
∗
(OP2
k
(m)) ∼= OP1
k
(m) and pj
∣∣
Di
∗
(OP2
k
(m)) ∼= OP1
k
for j 6= i.
Now E
∣∣
Di
is given as the kernel of the morphism
ϕk
∣∣
Di
:
n+1⊕
j=1
p∗jOP(L)(ρ− dj)
∣∣
Di
(F 1,...,Fn+1)
∣
∣
∣
Di−−−−−−−−−−→
n+1⊗
j=1
p∗jOP(L)(ρ− dj)
∣∣
Di
,
which boils down to
Oi−1
P1
k
⊕OP1
k
(ρ− di)⊕O
n−i
P1
k
−→ OP1
k
(ρ− di)
(A1, . . . , An+1) 7→
∑
Aj · F j
∣∣
Di
.
Recall that F j
∣∣
Di
is a degree ρ − di polynomial in x2i, x3i for j 6= i and F i
∣∣
Di
is a non-zero
constant polynomial. This implies that E
∣∣
Di
is isomorphic to On
P1
k
, which proves our theorem.

This theorem immediately implies the following result.
Corollary 4.5. Assume thatK is contained in Qp and n ≥ 2. Let fi ∈ K[x1, x2, x3]
(di) be n+ 1
polynomials of homogenous degrees di ≤ ρ satisfying
∑
di = nρ. Consider a connected smooth
plane curve C contained in
⋃n+1
i=1 D+(fi) ⊂ P
2
K and assume that there exists a choice of matrix
coefficients a ∈ ∆(R)∩R9(n+1), such that Ca has star-like reduction and such that (f1, . . . , fn+1)
is (d, a)−admissible.
Then the base change of the syzygy bundle E = Syz(f1, . . . , fn+1)(ρ)
∣∣
C
to Cp has strongly
semistable reduction in the sense of definition 2.4.
4.1. An example class. In this subsection, we give a class of examples of (d, a)−admissible
polynomials. In order to this, we fix d1, . . . , dn+1 ≤ ρ with
∑
di = nρ and homogeneous
polynomials h1, . . . , hn+1 ∈ R[x1, x2, x3] with deg(hi) = di.
In particular, this yields that
∑
j 6=i(ρ − dj) = di. Let m ∈ R[x1, x2, x3] be a monomial
of degree di. We can then factor m = m1 · · ·mi−1mi+1 · · ·mn+1, where mj is a monomial
of degree ρ − dj . For each monomial m, we fix such a factorisation and map m to the prod-
uct m1 · · ·mi−1mi+1 · · ·mn+1. By linear continuation, we obtain an injective morphism of R-
modules
R[x1, x2, x3]
(di) →֒ Symj 6=iR[x1, x2, x3]
(ρ−dj).
Composing with the isomorphisms
R[x1, x2, x3]
(ρ−dj) −→ R[x1j , x2j , x3j ]
(ρ−dj)
mapping xi to xij yields the following injective map
R[x1, x2, x3]
(di) →֒ Symj 6=iR[x1j , x2j , x3j ]
(ρ−dj ).
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We denote by F˜i the image of hi in Symj 6=iR[x1j, x2j , x3j ]
(ρ−dj) and define
Fi = F˜i

g1

x11x21
x31

 , . . . , gn+1

x1 n+1x2 n+1
x3 n+1



 . (9)
We illustrate this in the following example.
Example 4.6. For ρ = n+ 1, we consider the tuple
(h1, . . . , hn+1) = (x
n
1 , x
n
2 , x
2
3, x1x
n−1
2 x3, . . . , x
n−2
1 x
2
2x3).
We observe that (n + 1 − d1, . . . , n + 1 − dn+1) = (1, 1, n − 1, 0, . . . , 0). Therefore, we may
consider the factorisation
(h1, . . . , hn+1) = (x1(x
n−1
1 ), x2(x
n−1
2 ), x3x3, x1(x
n−1
2 )x3, . . . , x1(x
n−3
1 x
2
2)x3),
which then yields the desired expression in xij
F˜1 = x12x
n−1
13 , F˜2 = x21x
n−1
23 , F˜3 = x31x32,
F˜i = x12
(
xi−413 x
n+3−i
23
)
x31 for i = 4, . . . , n+ 1.
In the following proposition, we give a large class of examples which are (d, a)−admissible.
Proposition 4.7. Let d be an (n+ 1)- tuple of degrees with
∑
di = nρ as above, and put
fi = Υ
a
i

∏
j 6=i
x
ρ−dj
3j

 ∈ K[x1, x2, x3]
for some choice of a. Further, let h1, . . . , hn+1 ∈ R[x1, x2, x3] be any choice of homogeneous
polynomials with deg(hi) = di. Then, the tuple (f1 + h1, . . . , fn+1 + hn+1) is (d, a)−admissible.
Proof. The proposition follows by observing that for Fi as in equation (9), we have
Υ
a
i (
∏
j 6=i
x
ρ−dj
3j + Fi) = fi + hi
and
∏
j 6=i x
ρ−dj
3j + Fi ∈ Σi by the nature of the matrices gl. 
5. A concrete example on the Fermat curve
In this section, we prove that the bundle Syz(x21, x
2
2, x
2
3)(3) on the Fermat curve C = V (x
d
1+
xd2+x
d
3) has potentially strongly semistable reduction in the sense of definition 2.5. This example
is a concrete stable rank two and degree zero bundle for which the obvious reduction is not
strongly semistable by [2, Proposition 1 and Section 3]. Hence it provides an obvious test case for
the question if all semistable bundles of degree zero occur in a p-adic Simpson correspondence, as
we have explained in the introduction. The strategy is as follows: We construct a finite covering
α : C ′ → C , such that α∗
(
Syz(x21, x
2
2, x
2
3)(3)
)
has a model of the kind investigated in section 4.
We assume that the characteristic ofK is zero. Fix coefficients a ∈ ∆(R) ∩R27 and write
M−1l =


a
(l)
11 a
(l)
12 a
(l)
13
a
(l)
21 a
(l)
22 a
(l)
23
a
(l)
31 a
(l)
32 a
(l)
33


−1
=


b
(l)
11 b
(l)
12 b
(l)
13
b
(l)
21 b
(l)
22 b
(l)
23
b
(l)
31 b
(l)
32 b
(l)
33

 = Bl.
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We further observe that
P˜ij;a :=Υ
a
l (x3ix3j) = t
−4(b
(i)
31x1 + b
(i)
32x2 + b
(i)
33x3)(b
(j)
31 x1 + b
(j)
32 x2 + b
(j)
33 x3)
=t−4
(
b
(i)
31 b
(j)
31 x
2
1 + b
(i)
32 b
(j)
32 x
2
2 + b
(i)
33 b
(j)
33 x
2
3 + (b
(i)
31 b
(j)
32 + b
(i)
32 b
(j)
31 )x1x2 + (b
(i)
31 b
(j)
33
+b
(i)
33 b
(j)
31 )x1x3 + (b
(i)
32 b
(j)
33 + b
(i)
33 b
(j)
32 )x2x3
)
and define
P˜l;a = b
(l)
11x
2
1 + b
(l)
12x1x2 + b
(l)
13x
2
2 + b
(l)
21x2x3 + b
(l)
22x
2
3 + b
(l)
23x1x3.
Finally, we define
P1;a = P˜23;a + t
4P˜1;a, P2;a = P˜13;a + t
4P˜2;a, P3 = P˜12 + t
4P˜3.
Then, it is easy to see that for generic choices of b
(l)
ij (which yield generic choices of a
(l)
ij ), we
haveD+(P1;a) ∪D+(P2;a) ∪D+(P3;a) = P
2
K . Thus, we obtain a finite covering
α : P2K → P
2
K
x1x2
x3

 7→

P1;a(x1, x2, x3)P2;a(x1, x2, x3)
P3;a(x1, x2, x3)

 .
This restricts to a finite covering
α
∣∣
C′a
: C ′a → C
with C ′a = V (P
d
1;a + P
d
2;a + P
d
3;a). The Jacobi criterion shows that smoothness of V (P
d
1;a +
P d2;a + P
d
3;a) holds for generic choices of b and thus for generic choices of a. Therefore, as noted
in definition 3.1, we find that possibly after finite base change C ′a is a smooth irreducible curve
for general choices of a.
Moreover, we obtain
α∗
(
Syz(x21, x
2
2, x
2
3)(3)
)
= Syz(P 21;a, P
2
2;a, P
2
3;a)(6).
We observe that by proposition 4.7, we have P 2l;a ∈ Υ
a
i (Σi), as P
2
l;a = P˜
2
ij;a + 2t
4P˜ij;aP˜l;a +
t8P˜ 2l;a and
P˜ 2ij;a = Υ
a
i (x
2
3ix
2
3j) and 2t
4P˜ij;aP˜l;a + t
8P˜ 2l;a ∈ R[x1, x2, x3].
We now want to apply theorem 4.3 to Syz(P 21;a, P
2
2;a, P
2
3;a)(6) on C
′
a. What is left to show
is that there exists a choice of coefficients a, such that Mustafin model C′a of C ′a has star-like
reduction. The key problem here is that C ′a depends on the choice of a. We resolve this problem
in the proof of the following theorem.
Theorem 5.1. LetK be a discretely valued field of characteristic zero and consider the Fermat curve
C = V (xd1 + x
d
2 + x
d
3) ⊂ P
2
K and the vector bundle E = Syz(x
2
1, x
2
2, x
2
3)(3)|C . Then there exists
a finite extension L of K and a degree two cover α : C ′ → CL by a connected, smooth, projective
curve C ′ together with a model C′ of C ′ over RL and a vector bundle E on C′ with generic fiber
α∗EL such that the special fiber of E is trivial on all reduced irreducible components of C′k .
This immediately implies the following result.
Corollary 5.2. The vector bundle Syz(x21, x
2
2, x
2
3)(3) on the Fermat curve over Cp has potentially
strongly semistable reduction in the sense of definition 2.5.
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Proof. We investigate the pullback of Syz(P 21;a, P
2
2;a, P
2
3;a)(6) to C
′
a.
We have already seen that (P 21;a, P
2
2;a, P
2
3;a) is ((4, 4, 4), a)−admissible. Thus, the fact that
Syz(P 21;a, P
2
2;a, P
2
3;a)(6) on C
′
a has (after a finite base extension) a model as in our claim follows
from theorem 4.3, if we can choose a so that additionally C′a has star-like reduction. More pre-
cisely, considering the embedding of C ′a into Ma(Γ), we obtain a model C
′a of C ′a. We show
that for general a the special fiber (C′a)k decomposes as in equation (4). In order to see this, we
proceed similarly as in the proof of theorem 3.4.
(1) We first prove an analog of lemma 3.6, i.e. assuming that for general a, the irreducible com-
ponents of C′
a
k are only contained in primary components of Ma(Γ)k , then the model C
′a
has star-like reduction for general a.
In order to see this, we first study the model obtained by embedding the curve into a single
projective space P(L). Let C′(l)a be the model of C
′
a obtained by embedding C
′
a into P(L) via
gl. Consider the polynomial
t4dS(l)a = t
4d
(
P d1;a + P
d
2;a + P
d
3;a
)
(
a
(l)
11x1 + ta
(l)
12x2 + t
2a
(l)
13x3, a
(l)
21x1 + ta
(l)
22x2 + t
2a
(l)
23x3, a
(l)
31x1 + ta
(l)
32x2 + t
2a
(l)
33x3
)
.
We observe that t4dS
(l)
a ∈ R[x1, x2, x3]. To fix ideas, let us suppose l = 1. By Cramer’s rule,
we have
a
(1)
11 =
1
det(B1)
(
b
(1)
22 b
(1)
33 − b
(1)
32 b
(1)
23
)
a
(1)
21 =
1
det(B1)
(
b
(1)
31 b
(1)
23 − b
(1)
21 b
(1)
33
)
a
(1)
31 =
1
det(B1)
(
b
(1)
21 b
(1)
32 − b
(1)
31 b
(1)
22
)
After substituting these expressions into t4dS
(1)
a , we scan det(B1) · t4S
(1)
a for the monomial(
b
(2)
31
)d (
b
(3)
31
)d (
b
(1)
22
)2d (
b
(1)
33
)2d
x2d1 . (10)
Since equation (10) is a monomial of degree d in b
(2)
ij and b
(3)
ij but of degree 2d in b
(1)
ij , it can
only occur in the reduction of
det(B1) · (t
4P˜23)
d
(
a
(l)
11x1 + ta
(l)
12x2 + t
2a
(l)
13x3, a
(l)
21x1 + ta
(l)
22x2 + t
2a
(l)
23x3, a
(l)
31x1 + ta
(l)
32x2 + t
2a
(l)
33x3
)
.
A patient term-by-term analysis shows that equation (10) only occurs once in this expression
and therefore cannot cancel in det(B1) · t4dS
(1)
a . Hence det(B1) · t4dS
(1)
a = γ(b)x2d1 for a
non-zero rational function γ in the coefficients b. For general choices of b
(l)
ij , we therefore
have γ(b) 6= 0. We proceed in a similar way for l = 2 and l = 3. Thus, analogously to the
proof of lemma 3.6, we see that for general choices of a the model C
′(l)
a is cut out by t4dS
(l)
a ,
and that the special fiber is(
C′
(l)
a
)
k
= Spec
(
k[x1, x2, x3]upslope〈x2d1 〉
)
.
Therefore, we obtain completely analogously to the proof of lemma 3.6, that under the as-
sumption that for general a all components of (C′a)k are contained in primary components
ofMa(Γ)k , the models C
′a have star-like reduction for general a.
(2) Now, we show that for general a all irreducible components of
(
C′a
)
k
lie in primary compo-
nents ofMa(Γ)k . In order to prove this, we work with the same algebraic set-up as in the
proof of lemma 3.8.
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Recall the notation
gi =


A
(i)
11 A
(i)
12 A
(i)
13
A
(i)
21 A
(i)
22 A
(i)
23
A
(i)
31 A
(i)
32 A
(i)
33

 ·

1 0 00 t 0
0 0 t2

 .
We further denote

A
(i)
11 A
(i)
12 A
(i)
13
A
(i)
21 A
(i)
22 A
(i)
23
A
(i)
31 A
(i)
32 A
(i)
33


−1
=


B
(i)
11 B
(i)
12 B
(i)
13
B
(i)
21 B
(i)
22 B
(i)
23
B
(i)
31 B
(i)
32 B
(i)
33

 = Bi.
We now consider
P˜ij :=t
−4
(
B
(i)
31B
(j)
31 y
2
1 +B
(i)
32B
(j)
32 y
2
2 +B
(i)
33B
(j)
33 y
2
3 + (B
(i)
31B
(j)
32 +B
(i)
32B
(j)
31 y1y2
+ (B
(i)
31B
(j)
33 +B
(i)
33B
(j)
31 )y1y3 + (B
(i)
32B
(j)
33 +B
(i)
33B
(j)
32 )y2y3
)
,
P˜l =B
(l)
11 y
2
1 +B
(l)
12 y1y2 +B
(l)
13 y
2
2 +B
(l)
21 y2y3 +B
(l)
22 y
2
3 +B
(l)
23 y1y3.
and
f = (P˜23 + t
4P˜1)
d + (P˜13 + t
4P˜2)
d + (P˜12 + t
4P˜3)
d.
The last equation defines a curve C = V (f) ⊂ P(V). We take the closure of the image of C in
N (Γ′) via equation (6) and endow it with the reduced scheme structure to obtain a scheme
C . As in the previous section, we denote for all a ∈ ∆(R) the homomorphism λa : R → R
mappingA
(l)
ij to a
(l)
ij and by Λa the homomorphism obtained by composing λa withR →֒ K .
The base change of C along Λa is by construction isomorphic to C
′
a for generic a. Hence
Λ∗aC is generically an irreducible and reduced curve, and after possibly passing to a finite
field extension, the same condition holds for general a. Note that the curve C is irreducible
by lemma 3.7.
Now, the key observation is that τσ(I(C)) = I(C). Then, after passing to a finite field
extension, we use lemma 3.8 to find an open setW ⊂ Spec(R′), such that for all y ∈ W (k)
the irreducible components of C ′y are contained in primary components of the special fiber
of the Mustafin varietyN ′(Γ′)y =Ma(Γ)k for coefficients a in ∆(R) ∩R
27 lifting y.
Now, it follows immediately from (1) and (2) that for general a, the model C′a has star-like re-
duction. Therefore, the theorem follows with the help of theorem 4.3 applied to the bundle
Syz(P 21;a, P
2
2;a, P
2
3;a)(6). 
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